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I. INTRODUCTION

In Technical Report No. 22 we presented a theory of the

propagation of finite amplitude ultrasonic waves in hexagonal crystals.

In that report we presented a unique representation of the anisotropy

of the nonlinearity in the basal plane of a hexagonal crystal and

observed that pure mode propagation occurs along any direction in the

basal plane as well as along the symmetry axis. However, in presenting

the expressions for the nonlinearity parameters for wave propagation

along these directions we overlooked the fact that an additional set

of directions exist in which pure mode propagation can be observed.

These directions are tangential to a cone whose apex angle is bisected

by the symmetry axis, and whose apex angle is dependent on the second-

order elastic constants. The relative complexity of these statements,

the desire to present a means of defining the criteria for pure mode

* lpropagation, and the desire to analyze the nonlinear wave equation

for propagation in all pure mode directions in crystals of hexagonal

symmetry as well as trigonal symmetry, have necessitated our beginning

this report with the fundamental definitions, in most cases the same

fundamental definitions used in Technical Report No. 22. We hope that

this repetition will add to clarity and make the present technical

report an independent document. Although we do repeat most of the

i '*' results of Technical Report No. 22 in new tabular form, we use a new

perturbation approach to the derivation of the nonlinear terms, and we

S-do not repeat the detailed equations. Thus, even though we consider the

;,:: 1
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present technical report a complete document, we do not consider it a

U- substitute for Technical Report No. 22 for scientists Interested in the

propagation of ultrasonic waves of finite amplitude in crystals of

hexagonal symmetry. The two technical reports, then, provide informa-

tion in sufficient detail for a complete understanding of nonlinearity

in all pure mode directions in crystals of hexagonal synmetry as well

" "as nonpiezoelectric pure mode directions in crystals of trigonal

S;-symmetry.

We begin the discussion with a generally applicable theory,

one capable of describing crystals of any symmetry. As a matter of

fact, at this point one could include virtually any physical process

P U such as piezoelectricity or any other process, by including the

* .appropriate terms in the expression for the strain energy. Our first

simplification is to include only mechanical nonlinearities in ourk strain energy expression. This specializes our consideration to

nonpiezoelectric materials. The second simplification is to specialize

I- ~to crystals of hexagonal and trigonal symetry. This means that our

equations are somewhat more complicated than those previously used

for cubic symmetry, but they still are not so complicated as to be

unmanageable. The purpose of the present technical report is to

develop the theory appropriate to this situation.

.

* ,

Pb* * ** * * ** . .°. ., . - .. - ..-.-
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II. GENERAL THEORY OF NONLINEAR WAVE PROPAGATION IN CRYSTALS

Consider a point P in the medium with coordinates ai(abc) in

the unstrained state. Let P move to P' with coordinates x1 (x,y,z) in

the deformed state. The components of the displacement can then be

written as

U = x -a
V y- b (11-1)

a W z -c•

In the Lagrangian formulation, the strain is described in the

initial, or undeformed, state and the initial coordinates of the

material particle aI are taken as independent variables. The Lagrangian

formulation is used exclusively in the theory described in this technical

report.

PThe Lagrangian strain parameters which are components of the

finite strain tensor are given by Murnaghan (1) as follows:

.5( 1;n- (OO- (II-2)

,-."

.-..p j -; ..-.. ',:,_ .....- .. .. . .. . . ... .... ..
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I where J and J* are the Jacobian matrix and its transpose; 6 is the

unit matrix. They may be expressed, respectively, as follows:

I 1+U a U b

Wa Wb l c

I+ U V Wa a a
J*i U, b I+ Vb Wb (11-4)

U Uc V c I+ W

and

1 0 0

1 1 ,(25

0 0 11

where U !u9 U ec
a aa Ub~i
The strain parameters can be written in terms of displacement

gradients if we substitute (11-3)-(11-5) into (11-2). Expansion and

simpl1ification give the following expressions for nij:

BI

U 1 2 +Va2 + W2

|)

11

n12 ' n21 (Ub +a + UaUb + VaVb + WaWb)

n1 3  3 1Wa (U +Wa 1ac + + WaWc (1 1-6)

1 Ua  V 2 W 2
22 Ub + I NWb b

I Uc V 1 +zW
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"23 - n3~2 - (Vc + Wb + UbUc + VbVc + Wbc

n33 W + I (U 2 + V2 + W2)

Let #(n) be the strain energy per unit of undeformed volume.

The properties of the crystalline medium enter into the theory through

the strain energy density #(n) which can be expanded and expressed as

a sum of terms of different degrees in the elements of n as follows:

" a0 + #1 + 42 + *3 + ... (11-7)

In terms of the elastic constants, Eq. (11-7) can be written as

* #0 + klC1jnij + k2CijkLnijnkz

+ k3Cijktmnnijnkmn + "'" (11-8)

where the C's are the elastic constants and kn (n - 1,2,3 ... ) is a

constant factor depending on the definition of elastic constants. One

does not lose generality by setting the first two terms in (11-8) equal

to zero since *0 is the energy of the undeformed medium and 41 corres-

ponds to displacement without deformation. Thus, the expression for

the strain energy density becomes:

* z *2 + 43 +

a k2CijktnijnkL + k3Cijkmnnijnktn* (11-9)

As is well known, Cijkt are the second-order elastic (SOE)

constants and Cijkm are the third-order elastic (TOE) constants.
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In accordance with Brugger's thermodynamic definition of elastic

constants (2), the factor kn is 1/n!. Therefore, based on that

definition we have k2 a T and k3 a 6. Using a contracted-subscript

notation for the elastic constants as well as using Brugger's

definition of elastic constants, the general expression for € can be

rewritten as:

S- 7 CxPnijnk + _6 CIvnTijT'kinmn +

higher order terms , (ll-10)

where A - ij, p - ki and v - mn. For example, we write 1 for the pair

of indices 11, 2 for 22, 3 for 33, 4 for 23 and 32, 5 for 31 and 13, 6

for 12 and 21. Summation over repeated indices is understood.

The SOE constants C,,, form a fourth rank tensor containing 81

components, of which 21 are independent for the most unsymmetrical

triclinic crystal and the TOE constants C., V form a sixth rank tensor

with 729 components, of which 56 are independent for the triclinic

crystal. The number of elastic constants decreases considerably for

crystals of higher symmetry. Eq. (11-10) for the strain energy density

takes the appropriate form for crystals of different symmetry. The

number of elastic constants in different crystal classes has been

worked out by various authors and has been presented in a tabular form

by Hearmon (3).

The equations of motion for an elastic medium, in fact, are a

restatement of Newton's second law. For convenience one can introduce

the stress tensor T, which is not symmetric, as
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T -= -n (ll-ll)

where

a /all ¢/@n2 "/anl3 ]

an= aO/an21  a/an22  a/an2 3  (ii-12)

aO/an31 af/an 32  at/an3 3

Thus, the equa'ions of motion in Lagrangian coordinates are

written as (4):

! . Poi (11-13)

These equations of motion take particular forms along the a, b and c

axes of the crystal:

aTll 'T 12  aT13
potJ = - -5-+ac

PO aT21  aT22  aT23  (11-14)
aa - - ac
aT31  aT32  aT33oI = - - , - - -- -

~O aa ab ac

According to Eq. (1I-11), the stress matrix T can be written as:

Tll T12 TI3 ll a12 J13 ainl 'rnl2 3rnl3

T21 122 T123 1 _ 2.. (11-15)21 22 23 an21  an22  an23

T31 T32 33 a31 J32 J33 an31  an32  3n33

From (11-15) we can write down the components as:
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1 aJ + .j13
T11= '11 a1 2 3 Tn31

T12 = 11 a + J12 4 + J13 an3
T ~ 312  a422 a~t+ r3+j 2L

T o + Ol13 = 11 3"13 012 an23 13 31n33

T21  21  3A 22+ a _ +2
3 an 22 an21  23 an31

T2 2 + J 22  " +J 23 - (11-16)
ani 2  an22  r23 an32

T _2,.+E+

23 21 an13 +122 3n23  23 an33

T _+ -I + i
31 = 31 anl1 +132 an'21j 33 an31

T32 1 an 1  an23 + 1  33 an33

an12 a 22  an32

T 33 1 ,.31 +n1 "32 +n2 J 33 a3
3T'l "23an 33

The components of the Jacobin matrix in terms of displacement

gradients can be expressed from (11-3):

, ]I= 1 + Ua - 1 + aU/aa

,112 = Ub = aU/ab

113 = Uc = aU/ac

1 21 = Va aV/aa

J22  I + Vb = I + OV/ab (11-17)

.1 23 ' Vc aV/ac
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I 2  2 2 2 +1 2 1 2
7 11(011 + n22 + '122 + n212) + C12("11"22 - 212 - 7n21 )

13(11133 + + C 33r332 + C44 (Tn13  + Tn31 + 232 +n32

+I C ( 3 + I C 2 1 2
,6Clll(n'll + T22 ) + C113n33(nll + T22) + 133r33 ( +22

+ C144 (n11 + n22)(n232 + n322 + n132 + n31 )

+ 166(11 + 22)[(1 n22) + 2(n122 + n21 2)

6 C 266[(nl1 - n22) 3 6(n12 + "212)(nll . n22) ]

6 333 + C34 4n33 (n2 32 + n32 + n13 + n3,2)

C36 6 r 33 [(T, I - 22)  2(n12 + 12 12)

+ 2C456[( 22 - nlI)(n232 + 322 - _'13 - 31 2) + 4 (n12 23n3I +n21l'32n13)].

In this expression C166, C266, C366 and C456 are combinations of TOE

constants given by

C166 = ' (-2Cll l - C112 + 3C222 )

C266 w 7 (2Clll - C112 - C222 )
(III-2)

C366 u (C113 - C123)

C456 ' (-C144 + C155)

Einspruch and Manning (8) derived an expression by using Birch's

definition of TOE constants. That expression can easily be converted
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Hexagonal
Structure
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Bosal Plane

Figure I1-1. Hexagonal close packed structure.
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oou'  -  " + (4 u + 3
a 4 2 " 2 +V a3v '  

lan + Z +

0 -;;a'Tr 21 an11 3a a n

.. a [" 2  " 2  aW" +¢3
Pow -ar nee+ (-Ar--i + aW"

aa 31 an,,l aa aT31

These equations are to be examined so one can define the directions

and evaluate nonlinearity parameters for finite amplitude ultrasonic

waves propagating in hexagonal and trigonal crystals.

III. PURE MODE PROPAGATION IN HEXAGONAL CRYSTALS

There are two classes of crystals with hexagonal symmetry, one

with the Hermann-Mauguin symbol 6, 6, 6/m with 5 second-order and 12

third-order elastic constants and the other with the symbol 622, 6 mm,

Wm2, 6/mmm with 5 second-order and 10 third-order elastic constants.

Since most of the crystals with hexagonal symmetry belong to the second

class. We will confine our attention to it. The hexagonal close packed

structure is shown in Figure III-1. A drawing of the coordinate frame

and the basal plane are also given in the figure. The five SOE constants

are C11, C12, C13, C33 and C44 and the ten TOE constants are C,1 , C113,

C116, C133, C144, C226. C333, C334, C366 and C456 (3). By using

Brugger's definition of third-order elastic constants, the expression

for the strain energy density for hexagonal crystals is given by (7):
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where t and t3 represent the separate parts of the strain energy

density containing only SOE constants and only TOE constants,

respectively.

Now as soon as the expression of the strain energy density in

terms of strain components is acquired for specific crystals under

investigation, we will be able to get the wave equations for propagating

along any a"-direction in the crystals by using the above equations.

These expressions of the strain energy are written out in more

explicit terms for crystals belonging to hexagonal and trigonal

symmetries in the next sections.

Combining (11-37), (11-38) and (11-39), we may have the following

stress components in which the strain terms involving SOE constants are

separated from those involving TOE constants:

T a"2  + a(2  aU" a#$3Tl1 , an i n-', I V *a- l

"21+ ('02 a- " + a 21  (11-40)

an~~l 11In

aT 2 + a42  aW" a+ 3
T31  31 11 '

Therefore, we may write a set of equations of motion for plane sound

waves propagating along the a"-axis direction in crystals:

' ,,, " .. - .
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Moreover, the components of the Jacobian matrix is terms of

displacement gradients can be reduced to

1 ll , I + aUl"/a"

"J21 a aV"/aa"

3aa (11-37)

J22 ' 1 33 ' 1

and

12 ' J13 " J23 ' J32 = 0

Thus, the stress components involved in Equations (11-19) also can be

reduced to:

J11 -11

T21 J2 1 -- + (11-38)
1ar,1  ar,21

31= 31 -4--+ .4-

Obviously, under the above rotated coordinate system, the strain

energy density 1 can be expressed as a function not only of the double

primed strain components nij but also the rotation angles f and e; i.e.,

it can be written as:

" *2(n"j9#06) + *3(n7jjt,) , (11-39)

i + #3



17

n111 in r 1Coos#CS 6 -(n'1' 3 + rII)cos 6cosesine

(nit~1 + no$ )costsinfcose
12 2

"12 nl1cos"s'nCos 13 3 r 1)cssncss

* '.j 2 #~2  - ri"1sin2 )cose

"1,3 n rcosgosesine + (n" I-3Cos 2e n - "sin 2e)cosf

ni rsinosine

w2 = ijcososinfcos2e - (nil + ni )singcosfsinecose

n- iSn 2 *cOse + n 2Cos2*cose

*~o s22 2 *2.c 2e-( 3 + vi~ 2#sinecose (11-36)

+ (ril + nil )Singosfcose

113 Ijsinocosesine + (nil 3Cos 2  
- ri31sln2e)slns

+3 = o ~cosneoe-('~i~ 3csecs

* -22

rI~~nins'necose (no' sin e n31cos esn

+ ni2cos~s ine

n133 i sin2e + +v~ . "1 )sinecose
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2= 1 (11-34)

n3 n31 a"

Thus, Eq. (11-32) can be simplified as:

nil cose(n'fcose - n 3sin e) - nisinecose
1."

ni2 rqcose

n 3 = (n'isne + n 3cos6) - n"sisn 2e

.- n n 1cos3

nil - (11-35)

,= nris15nO
n22I3 ( 211cs0S- i n 3sIne)sine + T

n.- , • 2s'ne

1133 (nislne + n"3cose)sine + n"Icosesine

Putting (11-35) Into (11-31), we have the following expressions

for the strain components in the original frame expressed in the terms

,. of the strain components in the twice-rotated or double-primed coordinate

system:

I? ;.,A. ,-"' .'
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n23 s in3 + coso n23

n3l = n1 cosf - ni2sinf

n n32 = nil sinf + ni 2 cosf

n33= n3

and

nil cose(n'lCose - n'3slne) - sine(nl 3cose - n33sine)

ln2 n 2 cose - n32sine

.'. n13 = (n11slne + ni3coso)cose - (nislne + n 3 cose)Sine

n = zcOSe - n#23sine

n22 = n22 :(11-32)

. ..-. + T 23' = ~n"sine + ni 3cose

n i nl " (-n cose - n3 sine)sine + (nilcose - ni3slne)cose

n! -.. n32 = nl2sine + n 32COSe

7133 3 (n"'lsine + nbcose)sine + (klsine + n13cose)cose

If only the propagation of the plane wave along the a"-axls is

L accounted for, the displacement components will be a function of only

the coordinate a" (see Eq. (11-27)). In this case, we will have:

1 an n53 n 13 n3 1I 
(11-33)

and the other nonvanishing displacement gradients will be simplified
S.

as follows:
.6

7i;



14

(r,)- (R )( W')(RI)

and (11-28)

(n') =(R*2)n")lRd

to arrive at the following expressions:

*cost -Sint 0 ni "'12 "13 cost slno 0

n sino cost 0 "21 "'2 113 -sino cost 0 (11-29)

0 0 1 nil n32 n33 0 0 1

and

cos. 0 -sine nil 12 n13 cose 0 sine

in ii 0 1 0j ii~l 12 nh 0 1 0

sine 0 cosel '31 "32 "3 -sine 0 cose

(11-30)

pMultiplication and simplification lead to the following

expressions for the strain components expressed in terms of the strain

components in the twice-rotated system.

- -cos(flj 1cosI -icsin.) - uinl.( cos. - 1i2sint)

.12 - cost.(nisint + nj2cos#) - sin#(nj1sin# + ni2cos#)

n13 = ni3cosO - ni3sin#

n21 * sinl.(i 1cos. - 12sin,) + cos*(njIcos* - 11k2sin)

"22 " sino(ni Isin# + ni2cosO) + cos#(nisin + ni2cos#) (11-31)

o . * * . *
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Then we may rotate the above rotated basal plane (a'b') by an

angle 6 about the b' axis (Figure 11-1) so that the new coordinate

frame formation can be expressed as

all a'

b" (R2) b (11-24)

0a
ic c 9

where the rotation matrix (R2) is given by

cose 0 sine

(R2) 0 1 0 (11-25)

-sine 0 cose,

and its corresponding transpose (R*) is

cose 0 -sine

(R*) 0 1 0 (11-26)

sine 0 cose

Let us define the displacement components propagating along the

a"-axis in the new coordinate system as

U" - U"(a",t)

Vol" v"la",t) (11-27)

W W"(a",t)

Using the transformation matrix as given by (11-22), (11-23), (11-25)

and (11-26) one can transform the strain components by (1)

, *.%

*- -Ml | ll
'

a~l p U , - " - ,_ ' . . .
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Tigure II-I. Rotation of coordinate.
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The procedure for accomplishing this is developed in the next section

of this technical report.

We have shown the strain energy density # in the original frame

can be expressed as a function of strain components,

"* i = 11) 11-20)

Now, suppose we want to consider the propagation of the plane

finite amplitude wave along some arbitrary direction instead of the

a-axis under original consideration. We can rotate the basal plane in

the original frame by an angle # about the c-axis (Figure II-1) first

so that the rotated coordinate frame formation can be written as

*al a

b' = (RI) b(1-21)

Co c

where the rotation matrix (R1) is given by

Cos# sin, 0

(R1 ) -sint cost 0 (11-22)

0 0 1

and its corresponding transpose (R) is

Cos -sin# 0

X,%(RV~ sin# Cos# 0 .(11-23)

0 o 1
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that keeping higher order terms is not justified. The terms kept in

the theory to be presented are sufficient to account for most of the

observed nonlinear properties.

III. PURE MO0DE DIRECTIONS

In an anisotropic medium there are only certain directions

* along which elastic waves can propagate as the pure longitudinal modes

which are of primary interest in the application of the harmonic

kv generation technique. Associated with any propagation direction there

are possibly three independent waves, the displacements of which form

a mutually orthogonal set (coupling terms). In general, none of the

three displacement vectors coincides with the vector which is normal

to the wavefront; i.e., in general, the waves are neither pure

longitudinal nor pure transverse. The specific directions in which

pure mode longitudinal waves propagate have been determined qualita-

tively by Borgnis (5) and Brugger (6) for crystals with cubic, hexagonal

and trigonal symmnetry, etc. In order to derive the nonlinear wave

equation of a pure longitudinal mode in specific directions and then to

determine the third-order elastic constants from the harmonic generation

19 technique, it is necessary to know quantitatively these pure mode

- directions. In addition, some unique pure mode directions even depend

upon the SOE constants for the crystals under consideration.

In order to determine the pure longitudinal mode directions,

b one must develop a way to rotate the coordinates and observe the

directions in which the coupling terms in the wave equations vanish.
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031 3 Wa - aW/aa

1 32 wb - aW/abi
. .,1I WC= 1 + W/ac

We will consider the case of plane finite amplitude waves

propagating along the axes of the medium under consideration. For

plane waves propagating along the a-axis the displacements become:

U = U(at)

V - V(at) (11-18)

W =W(at)

a
As the a-axis can be rotated into alignment with any axis of the medium,

the equations of motion in general can be written

06-aiTI aa

" o aT21/aa (11-19)

r'; Poi = aT31/aa

for propagation along the a-direction.

_ ~,These equations are written out in more explicit terms and solved

for crystals belonging to hexagonal and trigonal symmetry in the follow-

ing sections. The expressions of elastic strain energy density appro-

priate to different crystal symmetries are obtained with only terms up

to third-order since to date, experimental uncertainty is great enough
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into Eq. (III-1),which was Brugger's definition. The relation between

Birch and Brugger TOE constants can be obtained from the relation:

(Birch) (Brugger)
C -MC /6(1-3~AUv v111-3)

where M is the possible number of ways in which Cp can be expressed

in tensor notation.

S.- Now we substitute (11-36) for (111-1) to give the expression

for the strain energy density in the double primed coordinate system,

.3nij) ,(n'j,#,e) + 3 (n6j09e) (111-4)

where

I C 2 os 46 + (nj o, 2 1n, )Cos 2
2 C11[riIc 4  12 2 2

2(nltl 3 + n3 1 )sinecos 3 e + (n'i3 + n"l) 2 cos 2esin2e]

IN- C .12(rI 12 + n )cos e + C 1 , cos ,esine

1.11(1.1, r 3)cosesine(cos2e stn3e) )cosesin]

11'-" + n 36 sin N3 + nil Cos esi 0]* + I- C33E'sin4e + 2n'j(~ n",)sin3ecose

+ (n"j + n~l1) 2sin2ecos2eJ + C44[2ril 2Cos 2estn26

--. + (n '( + n ()sn 2 e + 2nI(In 3 + n l)cosesine(cos2 e - sin e)

+ N n2(cos4  sn4e) - 1 cos esin 2e (111-5)

and
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1 13 6e 2 5e2n4*3 c C1 1 1 Cos 3n 1 T 3 esineo+ 3rni(1i I Cos esine

P* 3 3 413 2 48+n1('1 + 31 Cosesi 6]+ yc 113[niolsin2 ecos4  11n84 1

*sinecos3e(COS26 -2sin2e) + ni '2 c:s2esin 2 e(sin2e 2cos2e)
*~~~~~~IN4 + n3111)se1 3 ) *+Ti

clsesi 3(cos~e sin 2O + ,3 i2coeencos2e-2sln(eo e)i

+ (n~j + i3)csel~]+C 4 [~~2o~sne

+ oei e(cs .. -2 sin. 26 + i )2 20(o 2 )
~~ii~~12~ rIjCSOlt6+2~rj i 1 cs esn - 2sin 

- * .. .2 + i~)o(i + 3os

(nl nl ) _o 36sinn 36 + c,, 2 * esi 2e
~1~13 3 i)~ 48o 2  144 21 1ij .

+ 4 Ti 2+ ii3 cos 2 esir28n 2e + 20 .2(i e) ikd s~o~ -(ri'j3 4

4. ni n2  + oses necos 4 sin 4  3 3o i 2 +n2)o*(3 3 2 2 1 3 3

+ 3n" e) + n )sn e - 1n" + )Co es ijo esn
+ 1 6I i~o N3 3 ij(j 4 (3o~sn 31 h(1 013)

+ cnf o Cos 2lnesn2e-2o 6- * (n 2 + n 21
4I 1p 1 47 31)co~sf~ .131~11 3 ) 1

- n"2+n@ 'i)cosi 4ne)cos 4 +sn 4e +~ 4 3[ricoseco(2.

3 cs(* 3s1 n( )+3 (* . nI'i; 1s(snecos+c,)co

+ I n3(2*) 6e 3n(2 )) ine + 3nco , (ns3 +ecos(22

-(Cos2 (20) 3sin 2(20) +3j2( N + ,.",)Cos
5esine(2 )n 2 2)

~'*.*%W*~ % ~**.:: ** *~> 13 3 ~
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U 3os 2(2t)) 2 ii 1 cos4ecos(2)sin (2f)

2 . .2 4 44
+ ni r1)Cos ecos(2*)(cos 4*+sin 0) + 6n" 1 r~ 4T~

(1~ + i31 cosesinesin(2s)(3cos2 (2o) -sin 2 (2#))

+ 61 12 21'l''s 'si (2)cs2# l(3 + n 31) Cos esin ecos(2 )

(cos2 (2f) +. 3sin(2t)) - 3~2+ cos esin3(2,)

+3(Tl2 + nil~1 ni 1)2Cos 3esin esin(2 )(sn (2#) - 3cos2 (2f))

- - ~'~12 ~~h2 *r")o 3eslnesin2 (2#)cos(2*)

+ (Til3 + ne,(1. + i oi2)Cos 3esinecos(2#)(cos4 # + sin4.)

* n o# (1,, + no,2)cOs3esin(2#)(cos4* 4 +sin 4 4)

- 6rnof~ no$~ 3 r_)nes ecos(2#)sin 2(2#)

I. - 6nij~~1rj + ii1)cos3esin3(2t)J + C- C 33 Ein 6e +. 3n 2

4 r211 )srecs 2 3 1 ( 1  3 31 inlco~

* + (ribN + 11 hi ecose + 3i 42ra;+ oslesin eco jjn0 4r

in P 3 ~(i 3  3 2 2

sine 2n,2 + nrI3)cosesin e(2co e - sin e)

* 11 (r 1 3 4 i11i~(13 s~ 3 .u

"2 2ri +21)r 4 4i1 sn~cs 2 461 n 3  i 1)eo

*(Cos 2e - sin2e) + (n~ 4 )(nij + n"2 )sinecose(COS4 0 + sin4e)

* ~~ ~ ~ ~ n" + 3.. 13 31*.*~ . ~ '' ~ *
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-
4n"3 3 ( 1  1 )Cos3esin3eJ + I- C n,, i sn2 ecos 4e

+ ,.r2m+ ni")Cos esine(cos e 2sin 6) + ino( + n1

cos2esin 2e(sin 2e - 2cos 2e) + N3+ 1 )3 Cos 3esin3 e

+ 2n",(~ + in )Cos esln e + 26 + n 1 csesineJ

+ 2C E2n 3csesine + 2n.2(6. + n ~)Cos esine(cos e - 2sin e)

- 2nj~r~ +T 1)Cos esin ecos 6 - sin e) - rijl(n" +ni

cos2esin2e(2sin 2 (20 + Cos 2(2*) + 2nIi~ 1 rnj2 n w2

2 2 _ so)cosesin 2ecos(2*)sin(20)
*cosesin ecos(2*)sin(2 ) + 2n"( 2 13

+ 8njTIri o s 2esln2 e(COS4# + sin4# - sin 2 cos2 0

+ No n(so 6 + Cos 2esln4e)sin2 (2f) - 2rij1(n"2 + 52

CO & sien esin (2#) + nne (n"ee + " 2)cos29(co 4e + sin 4e)cos2(2#)

-
2n j1 (rij3 + in31 2Cos esln e(cos e - sin eOcos2 (2#)

-2n,, 1i 1 3cos esinecos(2#)sin(2#) + 2n1n W3 1cos esin ne

cos(2#)sln(2+) - 2n~1vi rinecos ecos(2#)sin(2#)

+2n"~jvi o 2esln3ecos(2#)sin(2#) + 2nj1 nj n 2

Cos esin esin (20) -n n" ncos esin neccs 2 #

2 n2 n)n + n;2)in 2ecosocos(2#)sin(2#)
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121 + l n". 2 rn )cosesin esin(2t)cos(2 )+ 2(13 + n l)

2 j,2 3.3 2"(, + n )Cos esin esin (2f) - 2 j3 n3 1 (n 3 +

. cosesine(sin 4e + cos4e)sin 2 (2t) - 2n13n 2 + n21

" cos3esn 2esin(2*)cos(2*) - (n1'2 + nj1)(n1.2 + nv2)cose

• (cos4e + sin4e)cos(2)sin(2f) + 4(n@'2 I . H, ,, .121+ n 1ln 3 n3 1

.cos 3esin 2ecos(2o)sin(2t) - IN2 + 3

. sin(2 )cos(2f) + 2n"'3nil(n;2 + n1 )COSeSine(cos4e + sin 4e)

* sin(2#)cos(2*) + n~ln73l'2 + nI1)cos3esinesin 2(2,)

+ n2no2rn 1" (n"3 + n"1 )cosesin 3esin 2 (24) + 4n i 2" lli 3 + of

2 si 2  4 4
, cosesine(cos 6 - sin e)(cos * + sin 4) - 2(n"2 +

. sin 3ecosesin 2(2t) + 2r 2n +1(ni2  nol)sinecs3esin 2(2#)

,, ,,'1, ,, + )sin 3ecosesin 2(2t)
" 1213'n12 2

" 2(n13" + n ( + )cos3esinesin2 (2t) . (111-6)

in order to obtain a set of equations of motion for the plane

waves propagating along the a"-axls direction, it is necessary only to

calculate three of the strain derivatives of the elastic energy, i.e.,

-/an"l, Wan and a./an1l, according to (11-38). Those strain

derivatives can be calculated and simplified by taking into account
'2 nl and n.13 and n H They are:

,....'..%.'. ;'.. : ...- \:.'...'..,..- ... (,. . :..:* "'...., ... . . ,.. .. . . . . . . . . .... . .' -, ,1. a ii a 7a.,3 r,,1
*

'' . " . -' *- " * -
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I a.~2  +33(1-)

where

2 (Cc Cos 4  + 2cC1 os 2e sin 2 8 + C 3 sin 4 e

+ C4  sin2(2q))n 1j + (-C11 Cos 2e sln(2e)

+ C 13 cos(2e)sln(2e) + C 33 sn260 sln(2e)

+ C 44 sin(4e) )ni3  (111-8)

7 Cr 11 -co 4TI 11I3cos Osn .co 6  ncos esine)

+ C 1 [3T,"1sin ecos e + 4n 1risnecos e

(Cos 2e- ei ) + 4n,,c 2 2esin 2e(sin 2e - 2cos26)

+4n" 2 Cos 26sin2 O(Cos 2 0 2sin 20)] C[6i" 2cos4 sn213 -+144 11 sne

+ 2 6 'i(i 2 2+ 2 o + e 2 )coS esinico e - 2sin e

+2v(cos6 +csOn 2 c(e)
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W+ 1 -3i o 6rij 1 ri 3  rj)Cos eslne

+ ( + nil j)2 Cos 4esin 2 8 + 2(n"2j + 2i co 48

1 31 2 Tl)o

+ c C2 6  21 coOcos(2*)(cos 2(20) - 3sin 2(2f))

+ 12njorin" 3Cos 5esnecos(2f)(3sin 2(2 ) - cos2 (20)

+ 4n,,2cos4eSin 2ecos (2*)(cos 2(20) -3sin 2(20)

+ 12n", r'jo 5 esn(2.)(sin 2(20) - 3cos2 (24))

+ 2 44 2 ~ co 4esinesin(2#)

2 2 + 6(3cos (2#) -sin 2 (201)+ c. C 3 1sin6

4 1'jfj~~ 50s 2 24 2
+ 4n,",sineco +N~ 3 sin ecos e]

N:

* C [(6," 2Cos 2 sin'e + 8n~fibcoSes'n 3e

a I(2cos
2e - sin 2e) + n 12si~ 2n 02(in 2 ecos4 4 sin 6 e

- ~~1 .. L.31

bC~O~llOJ 4~ 366L3nil sin ecos 6

+ 4n snco 3e(cos 2e - 2sin 2e) + 4nj 2 os 2 esi 26

*,73iecs
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*(slv,2o - 2cos2e)J + 2C456[6ni"cos4 esin 2e

+ 8rn 3cos 3eslne(cos e - 2sln~e 13ij(4csel~

+ 4cos2esln4e + cos6e + 5cos2esin 4ecos(2 )

+ cos2esln4 esln2 (20 - 2cos4esin2 esln2(24)

* - 6cos4esln2ecOS2(20)) + 2n"2cos2esin 2e

(sin2(2.) - cos2(2,) + 4cos * + 4sin4*

+ 4ni 2T13cos(2*)sin(2*)cos2 eslne(sin2e - cos2e) (111-9)

af2 a#3(111-10)
BT12l 121 "121

where

"2 (C--COS20 C co2e + 2 (111-11)"
* -g-- a 12 o Z 44sl 1)i2

and

aC 44[2n",nij1cos esifl2 e 4n!3ni2cos3B~8

+ 16 C266[37ijcos esin(2#)(sin (2#) - 3cos (2#))

+ 12n os4osinesin(2#)(3cos 2(2o) -sin 2(2#))
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+ 38qnol 2cos4scos(20sin2(2) 2n @ii1 ~Cos 4ecos(26)

" (COS4# + sin4 f) + 12n,11cos3esin 2esin(24)

" (sln2(2#) - 3cos2 (2,) -3Orq2cos 3esin3(2.)

122

1 2 3 ,3iecse

(2#)sin2(2.) + 4n" nij'3sesinecos(2*)J

+ C 344[2ijn"2sin4e + 4n~l il 3sin 3ecose)

+ 1- C366[4n"Inr 2 0C28cse + 8rn lnco 38]

+ 2C456[2nIj1nI2(cos 2esln e + 4cos esin ecos4 0

+ 4cos2esi 2esln4*) + * I" 2sn&cs2)i(#

- 3ri' 2n3cos 3esinesin2(20) - 4ni"2nIi 3cosesin 3esin 2 (2,)

+ 8nolni (cos4# + si 4o)cosesine(cos2e - sin 2 6)]

3# 3#3  (111-13)
a?)31  a"31  an31

where

a#2 -C cs~esne +C1 cosesine(cos2e - sin 2e)

an131 C11co 1s3e

+4 C3 sln3 cose + 2C44coseslne(cos20 - sin 2e)Jnj1

+ 2C lcos2esln2 e - 4C~o 0i~ C3O 20sin 2 e

+4C44(cos 48 + sin e - sin ecos2 O)J?)"3 (111-14)
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and

3 1c1 [_En,,2cos5esine + 4n--, i~Os4esine
11 n131

*,n 3el 3 1w2
-4n,,2cos~ei e]J c C1 [ni11cos eslne(COS2e 2sln 2e)

+ 4njl nis cos2esin2 e(siJ a - 2cos2e) + 12n"2Cos 3esin3o)

1 2coei 36(2cos2e - sin 2
I. 133bi'jlosl n)

+ 4ii'l of cos2esln2e(cos2e -2sln 2e) - l2n"12cos3eslnde)
1113 13

+ C 144[2r"2cos 3esine~cos a - 2sin 2e) + 2n, 6e

+ 1onej 1 'sin 4OCOS2 e - 12n",~ 1 ~ 2ecos 4e - 2n" 2cosesin a

+ 2n 2 Cos 58slne + 2n .2 cosesin 48 + 12n ,2cos3esne
13 13 13

+ 1 c -3l2 c 5esine + 1n to 48sin 2 6
1 C166[- 11c1s li 1i3c

- 12n,,2 os3Osin 3O - 4n,,cos3 esine)

41 ,2 5 2
+ t c266L[3,n 1 1 Cos 85nco(0) i (2o - co 2)

+ 12n 1iij3cos 4osin ecos(2#)(cos2 (2o) - 3sin 2(2o))

+4I 2~~cs esinesin(2#)(3cos2(. i 2 2)

+ 12n " 2cosesln3ecos(2#)(cos2(2o) + 3sin 2(20))

-42n " 2cos3esinesin2 (2#)cos(2o) - 2ni 2cos 3esine

cos(2o)(cos *4 0+sin *) + 24nlj 2ni13cos 6s In 2esln(20)

(sn2 (2)- 3c 2 (2o))] + IC 3n"2sin 5 e cose(sin (2.

C u...~~~~lt -*-Z.?u u.-. ** . .**
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+ 12n 1ni3sln 4ecos2e + n2sin3 ecos2 8)

+ C34412n"2 cosesin 3e(2cos2e - sin 2 6)

+ of3I sn2 e(lOcos4e + 2sin 4e - 12cos2esin 2e)

+ 2n 2sin ecose + 4n2cosesine[cos4e + sin4 e

- 3cos2esln 2e) + 1 C366[ 2 cos3esine(cos2e - 2sin 2e)
+ 4n 2ln 3Cos2 esn2e(sin2e - 2cos2e)

+ l2nj 2cos 3 esin 3 e + 4n" 2sinecos3e)

23 12
+ 2C456[2n" 2cos3esine(cos 2e - 2sin 2e)

+ nilnb(-Bcos 2esn2ecos(2e) + cos 6e + 12cos2esin 4ecos2 (2f)

-16cos 4esln2ec6s2 (2#)) + n2 cosesinesin2 (2#)(12cos2esin2e

- 6sin 4e - 6cos4e) + 2nl, 2cos(2)sin(2,)cos2esine

* (sin2e - cos2e) + 4n"2n 3Cos esin2 ecos(2#)sin(2#)

* (cos 4# + sin 4 ) (111-15)

If we put these expressions for the strain derivatives of elastic

energy into (11-41), we would get a set of wave equations for propagating

along the a"-axis direction. It is predicted that the set of wave

equations should be nonlinear and a perturbation approach is necessary

in order to solve it.

"* " ,'-'-* .. -*,- ** ,* ~ .A . .i1I -.- "-A --- .. . ..... A
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Let us suppose the solutions of these nonlinear wave equations

may be expressed in the following forms:

U" - U. + Ul +

VI- V +v 2 + ... (111-16)

w" - 11 + w1 +

where UI V i, W1j and U2, V2, Wi represent the first and second

approximation solutions of the displacements, respectively. First,

we look at the first approximation equations. Putting (111-16) into

(11-41) and using (III-7)-(III-15) and (11-34), we can obtain a set

of first approximation wave equations for propagating along a"-axis

direction as follows:

P0 1 a (C11cos4e + I C13sin 2(2e) + C33sin 4e

+, s e+ 1 (-C1Cos esin(2e)
44in (26)) 1 ~- 11 aa2wi

22w1
* C13cos(2e)sin(2e) + C sin2 esin(2e) + 2C44sin(2e)cos(2e))---

p "'. I (C 1cos2e - C12cos e + 2C44sin 2e) 
- p

Po", a I (C 11 cos 2esin(2e) + C13sin(2e)cos(2e)

~a 2U",

+ C33sin
2esin(2e) + 2C4sin(2e)cos(2)) 

1

33 44aa 2 -

+4 1 221 24
S I Csin (2e) - C13sin (20) + C 33sin (2e) + 4C 44(cos

+ stn4- . sin2 (2e)] 1 (111-17)

,; ', ,i:. ; , , ;.-,-:- -; .-V: ..-. -.: ;, ..;---:-:, . ....7-.I.T-:.; .: .
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which can be rewritten as:

S2u i

aa" aa

p0W y -. 482aa
o1 "12 7. (IT-78)

Here

C z CllCos4e + 1 C13sn 2(2e) + C33sin 4e + C44sin 2 (2e)

a I (Cl1cos2e - C12cos2e + 2C44sin 2e)

= I C11 sin2 (2e) - I C sin 2(2e) + I C33sin 2 (2e)

+ 2C44 (1 - T- sin2(2e))

2 = 1 C11cos2esin(2e) + - C13cos(2e)sin(2e)

+ 1 C33sin 2esin(2e) + C44sln(2e)cos(2e)

(111-19)

In the above equations the terms containing the coupling

coefficient 82 are called the coupling terms.

Obviously, because the coupling terms are existing in the set

of wave equations, it becoms impossible to get the solution of thE
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pure longitudinal vibration even when only the pure longitudinal

vibration mode is excited at the surface of the transducer.

In order to seek the direction along which the pure longitudinal

mode can propagate, we seek the directions along which the coupling

coefficient o82 vanishes (or is minimum). It is necessary to note that

since the elastic constants Care contained in the expression for

the coupling coefficient, the direction we want to seek can be deter-

mined only for a specific crystal rather than in general terms. But

the coupling coefficient 02 is only a function of the angle e, so it

means that under the same angle e the polar diagram of the coupling

coefficient 82 versus the angle * should be a circle.
From (111-19) we may see immnediately that B 2 vanishes when

6 = nwr/2 (n = 0, 1, 2, ... ). This reveal s that the pure longitudinal

mode can propagate along any radial direction in the original basal

plane, as well as in any direction perpendicular to the original basal

plane. Moreover, the above condition without coupling coefficient 8 2

should work without exception for any hexagonal crystals, which is in

coincidence with that in Technical Report No. 22 by J. Philip and

M. A. Breazeale (7).

It is important to point out that, besides the above directions,

another direction with vanishing 02 also exists in hexagonal crystals.

It is the direction along a cone whose apex angle (I - e ) is centered

about the c-axis (in original coordinate system). However, as mentioned

above, the apex angle is different for the different hexagonal crystals.

Figure 111-2 shows the directions of pure modes.
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Figure IV-1. The coordinate system for crystals of trigonal symmetry.
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+ (n23 + n32)(n122 + n212)

+ I C133'33 (nl1 + n22) + C134n3 3{(n 11 -n 22)(n23 + n32)

+ (n31 + n13)(n12 + n21)1 + C144 {(n232 + n322)2ll

+ n22(n1312 + n132) + C 155n22(n232 + 1322) + ill(n31 2 + n132)D

+ C 3 + 1 C333n33
3 + C( 23

2  32)6- 222n22 33n3 344n33{(2 + 3

2+ 12 + C 1 )3 _2 12
(312 + n13) +C 4 44{ (n2 3 + n32) (n23 + n32)(n312 + n13

+ (Clll + C112 - C222 )n222nll

1 2 1
+ (-C114 - 2C124)n22 (n23 + n32) + T (-2C1 ll - C112 + 3C222)nll

(1122 + 1212) + 111-(2 1 - -C222)

Xn 2 2 1 2 2 1122(n2 + n21 ) + i.(C113 - C123)n33(n12  + 21 + i(C1 4

+ 3C1 24 )nll(n31 + n13)(n12 + n21)

1 114 - C124 )n22 (n31 + n13)(12 + n21) + i(-C144 + C155)

(n23 + n32)(n31 + n13)(n12 + n21) + ... (IV-l)

In this expression C 11 , C112, C113, C114, C124, C144 and C222

are combinations of TOE constants given by

b~. ~ %
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The unit cell of a crystal with the trigonal symmetry is shown

in Figure IV-1. A drawing of the coordinate frame is also given in

the figure. The six SOE constants are Cll, C12, C13, C14, C33, C44

and the fourteen TOE constants are Cill, C112, C113, C114, C123, C124,

C133, C134, C144, C155, C222, C333, C344, C444.

Some of the trigonal crystals (for instance, quartz and lithium

niobate) exhibit piezoelectricity that affects their nonlinear

behavior, and proper attention ultimately must be paid to it in this

sort of crystals (10), especially for some strongly coupled piezo-

electric trigonal crystals like LINbO3. In this report, however, we

will concentrate on the mechanical properties and neglect the effect

of piezoelectricity. Piezoelectricity was treated to some extent in

Technical Report No. 23.

For the nonpiezoelectric trigonal crystal, Kaga (11) has given

the elastic strain energy density with Brugger definition of third-

order elastic constants. After making some corrections (3), the

energy density can be expressed as,

= C11(111  n22 ) + C12n11 n22 + C13(n22n33 + '33'1l)

+ C14{(nll - n22)(n23 + n32) + (n3l + n13)(nl2 + n21)1

S+ C 2 2 2 2l

+ C33n33  C44 (n23 + n32) + n31 + 32)

1 ( 2 2
+ ( 11 - C12 )(n12 + n212)

41 3 +I1 2 1 2 2
+ C1 ii'1  M 11i 1 n'22 + 113(Ti11 1133 + "22 '33~

+ C 1 2(n23 + n3) + C123nlln 22n33 + C124(n11 n22(n23 + n32)
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negative of the ratio of the nonlinear term to the linear term in the

nonlinear wave equation of pure longitudinal mode [Eq. (111-34)]. It

is given by

S- 6 (111-36)

In terms of A, and A2, it can be rewritten as,

A2  8 (111-37)
A1 ( kL~a,.II-7

Therefore, by measuring A1 and A2 one can determine 0 which can

be used to evaluate the 6's which are combinations of SOE and TOE con-

stants, or the K 3's which are combinations of TOE constants only.

The parameters K 2 and K 3 for the specific directions of pure

longitudinal mode also are written in tabular form in Table ]II-1, in

which under K3 we indicate those specific angles * which lead to magni-

tudes of the quantity cos(2o)[cos2 (20)-3 sin 2 23 of 1, 0, or -1.

These would be directions along which measurements will yield the most

useful Information. This behavior of K3 in the basal plane was given

in graphical form in Figure 2 of Technical Report No. 22, which we

reproduce here for convenience (Figure 111-5).

IV. PURE MODE PROPAGATION IN TRIGONAL CRYSTALS

There are also two classes of crystals with trigonal symmetry,

one with the Hermann-Mauguin symbol 37 and the other with the symbol

32, 3m, 3m. The first class has seven SOE constants and twenty TOE

constants, and the second has six SOE constants and fourteen TOE con-

stants. In this technical report we limit our investigation to the

latter.

w * 
. o- , _ "

, ., , % *-'* %- ' '% '- -'- - -'- ',- - -. ' - '. -_ ',-.. ,. , . . -'-". -
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a=K2

and (111-32)

6 (3K2 + K3)

Thus,

K3 = = C111cos6  + 3C 113sin2ecos4e + 3Ci33stn 4ecos2e

" 12C144 cos4esin 2e + 3C166cos66 + C266cos 6ecos(2)

S(cos2(2) - 3sin 2(2t)) + C333sin 6e + 12C 344cos2esin 4e

+ 3C366sfn 2ecos4e + 24C456cos4esin2e . (11-33)

Now, we may simplify Eq. (11-41) and, as a matter of fact,

write the nonlinear wave equation of pure longitudinal mode as

" 1 a2u" au (1121u")poU'  77'  -a 7a -- •- 11-4
aa aa

The solution to the nonlinear wave equation can be expressed as

u' -U l +

Alsin(kLa" - wt) - A2cos2(kLa" - wt) . (111-35)

Here A2 u [t](kLAl)2a" is the amplitude of the generated second

harmonic wave. The solution (111-35) is in complete analogy to cubic

crystals; however, the expressions for a and 6, or alternatively K2

and K3 must be examined for hexagonal symmetry.

As in the case of cubic crystals (7), we can define the

ultrasonic nonlinearity parameter for hexagonal crystals as the

'.oZ'.'o "..-',"". .$ .. "" - '". " ".* .'* " . .."" " . , . , ,. .. - ''. . ,, " ,. .. '" " -. , , ,
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Now, equating the coefficients on both sides of the equation

we get

2 Ba + k2 aB" + k OC - 1 6k0A2
wP L aL= 6 L I

and (111-26)

- W2poCa" - k LaB + K aCa" = 0 .

But a = pOc 2 and C CLkL , so Eqs. (111-26) become

- C2k2 PoBa" + k2POC2Ball + k C2C  (111-27)L LL LLPO LC= L IA

and

C2k2~ PCa" C2B k 2PC 2Call - 0 .(111-28)L L 0 LPOCLB L OL

Dividing Eq. (111-27) by k 2C~ we get

%CL 2 L
6 (kL A,) 2

P 0 C CL2 * *11-9

Also, dividing Eq. (111-28) by kPoCL2, we get

B = 0 . (111-30)

So, the solution to the wave equation of second approximation

(111-22) becomes

6 (kAl)2

UN(a",t) - - L A) 2 ]a"cos2(a" wt) ( -31)8P0 CL  L

If we use the same symbols as Breazeale and Ford (9) used before for

cubic crystals, we can put
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" a2 Ul aul a2U

Paw' U1 2 +1621)
20U -5-46 7 aa

or

a32

Here

6 = 3a + a (111-23)

and

C111cos 6e + 2C 113sin2ecos4e + 3C133sln4ecos2e

+ 12C 144cos 4esin2e + 3C166cos6e + C266cos6ecos(2o)

.((cos2 (20) - 3sin 2(20)) + C333sln6e + 12C344cos2esn 4O

+ 3C366sin2ecos4e + 24C456cos4esin e . (111-24)

Taking into account the boundary condition for Ui. that is,

Ulf 0 where a" - 0, we use a trial solution in the following form:

U - Ba"sin2(kLa" - t) + Ca"cos2(kLa" - t) (111-25)

where B and C are the coefficients to be determined. Putting the

solution into (111-22), we get

24(-2POW + k *aBa"+ kL C)sin2 (kLa " - Wt)

+ 4(-2P0Ca" - k 4 k 2 Ca")cos2(kLa" - Wt)

6k3A2I /

* -T--~. sin2 (kLa - 0t)

I.) .% ~ % *. .~ 
1

~* ~~- * 1 * %
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I ! The coefficient a in Eq. (111-19) may be used to determine the

velocity of sound or the slowness of the longitudinal wave in the

hexagonal crystals. Because the a is also the same for different

angle #, the velocity of sound or the slowness versus the angle #

also should be a circle.

Table 111-1 describes the relation of a with angle e at soaw

specific direction along which pure longitudinal waves can propagate

in hexagonal crystals.

As soon as the directions of the pure longitudinal mode are

determined, it becomes possible to derive the nonlinear longitudinal

wave equation whose solution describes growth of the second harmonic

of a pure longitudinal wave. The TOE constants can be obtained from

the experiment described by the solution to the nonlinear wave

equation.
Suppose we have o82 - 0 for the specific directions. Thus

under the boundary condition of the pure longitudinal vibration at

the surface of the transducer, that is U * Aislnwt, V~ I W' 0 when

all= 0, we may get the solutions of Eq. (111-18) as:

ueaA~sin(k a" - wt) (1-0

usin (11-16)with(11120).we cn ge thesecod aproxiatio

equation of the pure longitudinal mode.
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t2

-Figure 111-4. Coupling coefficient 02versus angle e for ZnO.
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Figure 111-3. Coupling coefficient B versus angle 0 for CdS,

'i * * h .
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An estimate of the magnitude of the apex angle can be made for

specific crystals. If one ignores the piezoelectric terms, one can

make such an estimate for CdS, one of the most interesting hexagonal

crystals. The SOE constants of UdS are given by Landold-Bijrnstein

(3) as

C11 ,87 GPa

C 4. GPa

So we can numerically figure out from (111-19), when 8 0 = 65.8360 or

Uthe apex angle 900-65.836* a 24.164% then no82 vanishes.

* . ZNO is another interesting sample. Its SOE constants may be

found in the same reference (3). They are:

JCll 209 Gia

C13 = 104 GPa

C 3 ' 218 GPa

C 44 =44.1 GPa

So we can numerically figure out from (111-19), when e e p =70.3900

or the apex angle 900-70.390* - 29.610% then 40vanishes. Figure 111-3'

and Figure 111-4 show the coupling coefficient (o20 versus the angle

0 for UdS and ZnO, respectively. In each figure we indicate the pure

~. .~.mode directions along which 02 vanishes.
* *2
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Figure 111-2. Pure longitudinal mode directions in hexagonal crystals
.-.. (Indicated by arrows).
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C li 4 4266 + C 112

C112 - C122 - C 1  + C222

C113  2C366 + C123

P C!!4 = 15 . - 3C 4  (IV-2)

C124 I C224 + C114

C144  -2C456 + C155

C222  4C166 + 2C111 + C112

If we substitute (11-36) Into (IV-l), we would be able to give

the complete expression for the strain energy density for the crystal

of trigonal synmetry in the twice-rotated, or double primed, coordinate

system as was given in the previous section for the crystal of

hexagonal symmetry. But we already know that if our only concern is

the generation of the second harmonic of a pure longitudinal mode, it

"3is sufficient to write only the terms containing nil in the expression

I This simplifies the expressions a great deal.

First, let us look at the expression #2" By substituting

(11-36) into (IV-1), the expression *2 can be given in the double

primed coordinate system as:

€- ~ ~ C2 2 Cl[ COS46 + (N1' + . o2e - 2n1'(,' + 1)teo3e

+r,1 + ,2l 2 1

2 (,~I+~ 2 2esn ++. 2 2

+ C 13 T 2,cos esine 18 + ,nlT11 + n" )cosesine(cos e -sin e)

" 1n 3 4 T31)2cos2esin2e] + C14 (2sin(2e)cos 2esin#(3cos2* # sin 2#)

2 2222+ , nil(nb3 + n31)Cos e(cos e - 3stn2e)sin#(3cos2 # - sin 2.)

It
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2 2

+ 21 (T1113 + 3 (20)sin(2e)sino(sin#- cs0

+ (of2+ ii!l) 2coseinesin.(sin2* 3cos 2 )

2 2 2 2
x~o ecose-sine))((os 0 3)s(coseCslne

+ 2  [Ccc 4 + sin e + 2no 2l -sin
2eos

in Cin cos e+C[2nCs(e~s esl*3o
+ TC3 3 1~ 44 C 4 i(e)r 1 + 11 coei(e

+n2 +C13 o(2e)sin2e + 2C 4os ecose- sn6s

x(3Cos 2 - sin2 ) + (n 3 +ln~sl2) 446sn4))

4n ofItcos2esine*cs*-3i 2 )rl (IV-4)

I 1-3

Th tandrvtvscnb.cluae n ipiidb
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.=3Ccos esnecos#(cos2 f - 3sin 2 )N l + [Cilcos2e C12cos 2

a* 14 
1

2 2 2
4 4C14cosesinesin (sin 2 - 3cos o) + 2C1sn e 'nl2

4 2C,4cose(cos2e - 2sin eCO cos2# - 3sin 2 )r", (IV

o 2 ['C1co s3eslne + I C13sn(Zelcos(2e) + C14 s 2e(cos 2 e 3sin2 e)
~ 13sn2cs(e cos

321
sino(3cos2* - sin 2*) + C33sln ecose + C44sin(2e)cos(2e)]n l1

+ [2C14cose(cos
2e - 2sin 2e)cosf(cos2* - 3sin 2.)Jri 2

2 2 2 2
*,+ [2C 11Cos esin e- 4C13cos esin e 2C14cos(2e)sin(2e)

- (sin2# - 2cos2#)slnf + 2C 33cos2esin2e+ 4C44

-,- "; • (cos4e + sin 4e - sin 2ecos2 e)]Ir 3 . (IV-6)

" Carrying out a similar procedure as was done for hexagonal

crystals, we get a set of first approximation wave equations for propa-

gation along the a"-axis in trigonal crystals:

': OU1 oi l a " I aa- - W3 1 IV7
7.07' Ol ; -2 + '2

aa" aa2 V1 aU 2  ~

is I
aa, 3a aa

where

~ ~ 'N
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C 1cs e + I C13sin2 (2e) + 2C14sin(2e)cos2esin*(3cos
2  - sin2 )

+ C3 3 sin4 e + C44sin 2 (2e)

Il = C11cos2e - C1cos2e + 2C 14cosesinesino(sin2  - 3cos2*)

+ C sin 2e* 44
2;2 2

Z I Clsin2(2e) I C13sin 2(2) + C14cos(2e)sin(2e)(sin2 " 2cos24)

sin +4C 33sin 2(2e) + 2C44 (l _ . sin2 (2e))

$I= X14COS2es2necos (cos2 3stn2 (IV-8)

" 1 C lCos 2esin(2e) + C13cos(2e)sin(2e)

1+ C14cos26(cos2e - 3sin2e)sino(3cos2* - sin2 0)

+ C33sin2esin(2e) + Y C44sin(48)

I 83 * C14cose(cos 2sin2e)cosf(cos2 - 3sin2 )

From the above expressions we can see that there are two

coupling terms (81 and 02) existing in the longitudinal wave equation

[the first of Eq. (IV-8)]. This means that longitudinal waves excited

by the transducer may couple to the transverse waves of both perpendi-

cular and horizontal polarization rather than only one polarization

as it does in the hexagonal crystals. So in this case we seek directions

along which both of the coupling terms vanish Instead of only one term

as in the last section.

• °a.
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First, let us look at what happens in the basal plane. When

0 0, we have

810

and (IV-9)

08 2 C14sin(3cos2 - sin2o)

Further,

82 = 0, when * = n 19 n = 0 , 2, ... (IV-l0)

This means that both 81 and 82 vanish and the pure longitudinal mode

can propagate in trigonal crystals only along two special

directions, * a 0 and v/3, in the basal plane, not all directions

like in hexagonal crystals.

Second, we can find another direction of the pure longitudinal

mode, which is

!w
e (2n + 1) n -0, 1, 2, 3 ...

Obviously, all of the directions of the pure longitudinal mode we

found above are common for any trigonal crystals without exception

no matter what their SOE constants are. It was pointed out (6) that,

besides the above directions, in the b-c plane, i.e., v * w/2, one

unique direction my also be discovered with vanishing 1 and 82.

Fortunately, we have already had the possibility to find it

quantitatively. It Is clear that when # w/2, 81 vanishes and 82

is reduced to

"e-,
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82 " C11cos2esi(2e) 7 C13cos(2e)sin(2e)

2 2e sn2  1 2" C14cos 6(cos e e 3sin e) + 7 C33sin esin(2e)

+ C44sin(4e) . (IV-11)

Thus, the direction we seek is dependent on the magnitude of the second

order elastic constants of the sample being measured.

The quartz is a sample whose nonlinear mechanical properties

are of wide interest. The SOE constants can be found (3) for quartz

h as:

Cll - 86.6 GPa

C12 * 6.7 GPa

C13 - 12.6 GPa (IY-12)

C14 - -17.8 SPa

C33 - 106.1 GPa

C44 - 57.8 GPa

The direction with vanishing o2 can be determined numerically

in the b-c plane from (IV-11) as

ep a 20.4440

Figure IV-2 shows the diagram of (02/a) versus angle 0 in the

b-c plane for quartz. Lithium niobate might be another interesting

sample. Its SOE constants can be written (3) as follows:

I;: :5:5-i? ): :;.?; ))-?.--;)); '; .- .. ',i ',: • % i% ----. :.:-.+Z :;:~~,;'
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27.0

Figure IV-2. Coupling coefficient 10/cxl versus angle e for S10 2 (at
**(2n+l)w/2).



58

C11 - 202.0 GPa

C12 - 55.0 GPa

C13 - 71.0 GPa (IV-13)

C14 - 8.3 GPa

C33 ' 242.0 GP

C44 = 60.1 GPa

The angle ep with vanishing 02 gives

= 69.812 °

Figure IV-3 shows the diagram of (82/a) versus angle e in the

b-c plane for lithium niobate. Finally, we give a summary in Figure IV-4

which shows the direction of pure modes in trigonal crystals in general.

So far we have determined all of the directions of pure

longitudinal modes in the crystals of quartz and lithium niobate.

In the direction with vanishing 01 and 02, the solution of the first

approximation wave equation can be worked out with the boundary con-

dition when a" = 0. U1 - A1sin(wt) can be written in the same form

as (111-20):

U1  A1 Sn(wt - kLa")

(IV-14)

Vl-1 -0.

Using a similar procedure as in the last section, we may

get the second approximation wave equation of the pure longitudinal

mode for the trigonal crystals. gut, as we already have seen

-e_ ---. -Q
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9 0'
C-ais

4%.

Figure IV-3. Coupling coefficient IB2 /oI versus angle e for LiNbO 3

(at *-(2n+l)ir/2).
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C
O

b

Figure IV-4. Pure longitudinal mode directions in trigonal crystals
(Indicated by arrow).
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above, because of vanishing V, and Wi, only the terms involved

in n '3 must be kept in the expression of the part of the strain

energy density t3 in the double primed coordinate system, as well as
a 3

only the strain derivative of elastic energy -- 1 must be used in

the developing of the second approxiation wave e.atIon.

Therefore, we need to write the expression for *3 only with

,3those terms involved in nii. That is:

#3" . CllCoS6 ecos 2#(Cos 2 3sin 2 )2 n 3

+ 1C 1,3cos4esin 2 n"O C 1 dCos 5esinen,3

+ 2Ci24sinecos
5esinf(l + 2cos(2o))nj3

1 2 OSOi 4843 + C o 3 esindesint(4cos 2  -~ T
2' 133 o-snr 11  2 134co 1

- C144cos4esin 2ecos2#sin 2 n3 + C155Cos4esin 2e(2 - n )n,'

+I cCos 6esn2# - 4o2#)2.n73+ C222  1n2*(1 -cos 2*) Til

+ C333sin on3 + 2C 4cos 2 Osin4on3

6 3 3 2.34 1
+ 4 C444cos3esin 3esin#(l - 4cos . (IV-15)

And, its corresponding strain derivative is

3 1 6 2 2 22,.2l Cos Oecos #(cos # - 3sin2 *)n
11 4 i o )

+ 3 C11 co4e sin 2en~ 2 _C 1X cSesinen 2

+ C 2 sinecossesin#(1 2cos(24))n112
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+ E C133cosesn 1;+ 6C 1 3Cos esin esin.4cos2  - 1

- 3C144cos
4esin 2 ecos2 sin2 2 *2

+ 3C155cos4 esin~e(2 - sin(2f))n,,2

+ I C222Cos6esn 2 ( - 4cos2 ) 2ri

+ 21 C333sin6 en 2 + 6C344cos
2esin4er

+ 4C4cos3esin3esino(l - 4cos2*)ni, . (IV-16)

Putting (IV-4), (IV-16), and (IV-14) into (11-41) and

restricting our attention to the second approximation terms, we can get

the second approximation wave equation of the pure longitudinal mode

for all of the specific directions mentioned above.

The wave equation is

a"2 "au a2U
POU1 a 2 + 6 1 1 (IV-17)

or

a2uN 2
PU 12  U (3K2 + K3)kLA sin (wt - kLa) (V-18)

aa"

Here

K2 - a - C11cos4e + I C13sin 2 (2e) + 2C14sin(2e)cos2esinf

(3cos2* - sin2.) + C33sin4e + C44sin 2 (2e) (IV-19)

;'' JJL . -. ;.... ..; : '.. ; : .:. .. -k ;
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K3 - 6 -3K2  C111cos6e (cos2 - 3sin2 #)2

" 3C113cos4esin 2e - 6C114cos5esine

+ 3C124sinecos5esin#(1 + 2cos(2f)) + 3C133cos2esin 4e

+ 12C 134cos3esin3esln#(4cos2 - 1) - 6C144cos4 esinz ecos2sln2#

+ 6C155cos4esin 2 0(2 - I sin(2o)) + C Cos6esin2 #0 - 4cos 2,)2

+ C333sin 6e + 12C 344 os2esin4e + 8C444cos3esn 3 sin#(1 - 4cos2e).

(IV-20)

The solution of Eq. (IV-18) can be obtained with the boundary

condition U2 = 0 where a" - 0, as

(k LA,)2 a
U2(a"t) - -( 3 K2 + K3) 81AJ 2 - kL . (IV-21)

Thus, the solution of the nonlinear wave equation of the pure

longitudinal mode can be expressed as

U" a Up + Use

a AIsinn(wt - kLa") - A2cos2(wt - kLa") (IV-22)

Here the amplitude of second harmonic is

(kLA1)2
A2 - (3K2 + K3) " 1 -. " . (IV-23)

The parameters K2 and K3 for the specific directions of a pure

longitudinal mode in trigonal crystals are written in tabular form in

Table IV-1. The directions specified are the directions along which
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p harmonic generation experiments can be expected to yield useful

information about third-order elastic constants in trigonal crystals.

V. CONCLUSION

-. The results given in this Technical Report can be used to

- evaluate the third-order elastic constants that determine the anipli-

tude of the second harmonic wave propagating in the listed pure mode

directions in crystals of hexagonal and trigonal symmnetries.

In addition, we may point out that the theory developed in the

- early chapters of this report is sufficiently general that one can

use it to study the nonlinear behavior of crystals of any symmetry.

One even can consider piezoelectric crystals by using the appropriate

* form of the strain energy * that describes the effect of piezoelectric
- coupling as well as nonlinear effects. As one goes to crystals of

lower symmetry, however, he must be prepared for the equations to

become more complicated.
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